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DISCRETE MEMBRANE SURFACE

CHARGE DISTRIBUTIONS

EFFECT OF FLUCTUATIONS NEAR INDIVIDUAL CHANNELS

DAVID ATTWELL AND DAVID EISNER, University Laboratory of Physiology,
Oxford University, Oxford, England

ABSTRACT Each gating mechanism controlling permeability in a membrane may be
influenced by only a few charge binding sites on the membrane surface, so that fluctua-
tions in the occupancy of these sites are important. Two extreme cases arise. (a) The
time scale of these fluctuations is much shorter than the gating time constant. Then
the gating mechanisms are subject to a rapidly varying electric field. If the gating in
the absence of these fluctuations obeys exponential kinetics, so does the gating in the
presence of the fluctuations. Changes in surface charge do not simply shift the gating
variable curves on the voltage axis, but also change their shape. Such effects are seen
experimentally and cannot be explained in terms of conventional surface charge
theory. If the activation curve in the absence of any surface charge binding is sym-
metric about the half-activation point, when some of the surface charge sites are oc-
cupied the activation curve is in general asymmetric. (b) The fluctuations occur much
more slowly than the gating reaction. There are several pools of channels present with
different time constant and activation curves. Again the activation curve is asymmetric
about the half-activation point, and its shape is changed by alterations in the surface
charge. The kinetics of gating of the whole population of channels are multiexponen-
tial.

Conventional analyses of the effects of surface charge agents on membrane channel
gating variables assume that the gating mechanism of each channel experiences an
average field due to the charge over a large area of membrane (Chandler et al., 1965;
Gilbert and Ehrenstein, 1969). However, the density of charge calculated using such
treatments (about one charge per (15A)2) is consistent with the idea that each gating
mechanism may in fact sense a field that reflects quite strongly the discrete nature of
the surface charge (Cole, 1969; Brown, 1974), perhaps glutamic and aspartic residues
on the protein forming the channel (Cotman and Levy, 1975, p. 202). Because some
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of the surface charge present in excitable membranes can be titrated with H + and per-
haps Ca2+ ions (e.g. Hille, 1968), if the discrete nature of the charge distribution is
important then the effects of fluctuations of the surface charge around individual chan-
nels, due to binding and unbinding of these ions, can be significant. To demonstrate
this, we take the simplified case of each channel having one surface charge site near it,
titrated for a fraction f of the time, and untitrated for a fraction 1-f of the time. (At
high Ca2+ and/or H + concentrations, f will be close to unity; at low [Ca2+] and [H +],
f will be near zero.) Initially we assume that the time scale of the fluctuations in sur-
face charge is much less than the time constant of the gating variables studied. This is
reasonable for H + titration: the average time H + stays bound to many carboxyl groups
(when pH = pK for the reaction) is in the range 10-6_10-5s (at least in free solution;
Eigen, 1963, p. 107; Hague, 1971, p. 83), whereas gating time constants are > 10-4 s.
The Ca2+ exchange rate may be similarly high (Eigen and de Maeyer, 1963, p. 1041).
We define r1, as the gating time constant in the untitrated state; T2 as the gating time
constant in the titrated state; XI1. as the steady-state fraction of gates open for a pop-
ulation of channels all in the untitrated state, and X2< as the steady-state fraction of
gates open for channels in the titrated state. X is the fraction of all the gates open at
any instant in time. In a time bt the change in X is

AX = (1 - f)(X10 - X)bt/r1 + f(X2- - X)6W/T2
assuming that the gating variables obey first order reaction kinetics (Hodgkin and
Huxley, 1952) even on time scales as short as 10-6 s. Thus, if the initial value of X is
X1, X = XO. + (XO - X.))e'/', where the effective value of X,. is

X (1 -f )X1,,/ + fX2,,/T2 (1)
X (1 -f)/r1 + fir2

and the effective time constant for changes of the gating variable is X where

1/r = (1 - f)/TI + fr2- (2)

Note that the gating variable still obeys first order kinetics. Changing the H + or Ca2+
concentration over a range large enough to go from complete lack of binding (f = 0) to
complete titration (f = 1) will give a simple shift of the X. and X curves along the
voltage axis, as is expected in the absence of the fluctuations considered here. How-
ever, if the titration is incomplete, the curves will not only be shifted but in addition
their shape will be changed by the surface charge agent. A similar change of shape is in
general expected if the ionic strength (screening) is changed at a value of [HW] or
[Ca2+] giving incomplete titration of the H+ or Ca2+ binding sites. Furthermore,
even if the X. curves for the extreme cases of all sites titrated or no sites titrated, are
symmetrical about the half-activation point, the measured activation curve will not be
symmetric in this way when measured with the [H+] or [Ca2+] in the range to par-
tially titrate the sites.
Changes in gating variable curve shape, with changes in pH, pCa, or ionic strength,
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have been seen in the squid by Frankenhaeuser and Hodgkin (1957; Fig. 8), Chandler
et al. (1965, Fig. 1), and Shoukimas (1978; Figs. 2 and 5), and in the Ranvier node by
Hille (1968; Fig. 3, Th: small effect at positive potentials), Moore (1971; Figs. 4-6),
and Brismar and Frankenhaeuser (1975; Fig. 1). Vogel (1974; Figs. 3 and 4), on the
other hand, does not find such a shape change. Some of these effects may be explicable
in terms of the mechanism discussed above thus avoiding the need to invoke any more
complicated explanation. To give an example of the changes in shape of the gating
variable curves predicted by Eqs. 1 and 2 above, in Fig. la and b we show the Th(V)
and h , (V) curves expected from the Frankenhaeuser and Huxley (1964) equations
for the Ranvier node. We assume that on going from no titration (of e.g. H + sites)
to complete titration, there is a (pure) shift of these curves by 60 mV. Plotted are the
curves expected when various fractions (f ) of the sites are titrated on average. Note
that on going from no titration to half-titration, there is a significant reduction in the
amplitude of the T( V) curve. This is especially apparent for changes in the concentra-
tion of the surface charge agent near the ends of the dose-response curve for binding,
where the change in magnitude of T(V) greatly outweighs the shift of the curve.
Striking experimental support for this prediction comes from the work of Shoukimas
(1978; Fig. 2 B). The similarity between his Th curves for [Ca2+]0 = 10 and 100 mM,
and the curves forf = 0.9 and 1 in our Fig. 1 b, is quite remarkable. On the basis of the
theory above (for complications see below), we would predict that lowering [Ca2+i0 to
(say) <0.5 mM, would change the Th curve to the shape shown for low values off in
Fig. lb. Testing experimentally that the amplitude of the rh curve increases again as
[Ca2+]0 is lowered toward zero would rule out the alternative hypothesis that lowering
[Ca 2+]o produces a simple decrease of Th by altering the intramembrane structure
directly. Ehrenstein and Gilbert (1973) found similar changes in the magnitude of the
Tr curve in squid giant axon, with changes in surface charge.
The r( V) curves for different f all cross at one point in Fig. 1 b, whereas experimen-

tal T( V) curves in different concentrations of surface charge agents cross at different
points (Moore, 1971). Extending the model presented in this paper to the case where
each channel is influenced by more than one surface charge binding site (but still a
small number, so that the fluctuations are significant), gives T( V) curves that cross over
at different points. Note that the additional sites can be identical or different to the
first one.
There are several reasons why the theory above cannot be applied quantitatively

to fit data already in the literature. Firstly, it is uncertain how many surface charge
binding sites influence each channel. Secondly, even if it were shown that only one
such site affects each channel, so that the theory presented above should be applicable,
there is a lack of data in the literature giving both activation curves and time constant
curves over a wide range of surface charge agent concentrations. In particular, it is
necessary to have such information at extremes of concentration of the agent under
study, and in the absence of fluctuations of the surface charge due to other agents
present. Studying surface charge effects of H +, for example, gating variable curves
must be obtained both with no Ca2+ or H + present, and also with no Ca2+ present,
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FIGURE I (a) Changes in shape of activation curve for a population of ion channels affected by
one surface charge binding site, with changes in the mean fraction (f) of the time that site is
occupied. Fluctuations in site occupancy assumed to occur on a time scale much faster than the
gating time constant. The exact changes in shape depend on the distance apart of thef = 0 and
f = 1 curves, the shape of those curves, and the shape of the r( V) curve forf = 0 and f I (see
Eq. 1). Computed from Eq. I with Xl and T, being the h. and Th curves of Frankenhaeuser
and Huxley (1964), and X20, and r2 as the same curves shifted 60 mV positive on the voltage axis.
(b) Effects of surface charge fluctuations on time constant curves. As in a, but changes in shape
of the T(V) curves are not affected by the activation curve shape (calculated from Eq. 2, as

in a).
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but a high [H+]. Furthermore even if such manipulations are applied to one side of
the membrane, fluctuations in the surface charge on the other side of the membrane
prevent the simple application of the quantitative predictions above. It seems, there-
fore, that this paper can only provide a qualitative explanation of the observed
changes in shape of gating variable curves.
Chiu (1977) has drawn attention to the asymmetry of the h. curve in the Ranvier

node, about the point h, = . Because the physiological [Ca2+] (unlike the [H+]) is
apparently not close to one end of the dose-response curve for Ca2+ binding (Moore,
1971; Hille, 1968), it is possible that fluctuations in the number of calcium ions bound
could contribute to this asymmetry. However, the derivation given above does not
lead to the nonexponential kinetics observed by Chiu for the time dependence of h.

It is worth considering whether the first order kinetics, used above to describe the
changes in X, are valid on a time scale of the order of 10-6 s. Suppose there is a
finite time needed for the gating mechanism to change state. Although this time must
be much less than the time constant of the gating reaction (so that on the normal time
scale the first order equations are appropriate), it might not be negligible on the time
scale of the fluctuations discussed above. In this case the derivation we give loses its
quantitative predictions but remains valid qualitatively. The derivation above is also
quantitatively invalid if the fluctuation frequency is so high that the Debye-Huckel
screening layer cannot equilibrate with the changes in surface charge.

Having considered the case where surface charge fluctuations occur much more
quickly than gating changes, we now assume the reverse, i.e., the surface charge is
essentially fixed but is different around different channels. This may be a reasonable
approximation for experiments in which large charged molecules are incorporated into
the membrane as a surface charge agent (if these molecules enter and leave the mem-
brane only slowly). The same considerations apply if, in the absence of externally
added surface charge agents, different channels in a membrane experience different
local surface charges. Again for simplicity we assume that there is one binding site
near each channel, which is either occupied or vacant. Neglecting differences in the
instantaneous I- V relationships of the channels experiencing different surface charges,
the fraction of gates open in the steady state is given by

XX = O1 - Df XI- + fX2- (3)
(where again XI. and X2 are the steady-state activation or inactivation curves for
channels in the absence or presence, respectively, of the surface charge agent). In
Fig. 2 we plot this curve using the Hodgkin-Huxley (1952) equations for hX(V). We
assume a (simple) shift of 30 mV for the change between no titration and complete
titration of the sites, and show the predicted h (V) curve for when a fraction f =
0.2, 0.5, or 0.8 of the sites is titrated (on average).
The Xx,. (V) curve will again in general be asymmetric about the point X. = A, if

the XI. (V) and X20, (V) curves are symmetric. Furthermore this model will give bi-
exponential kinetics for the time-course of X, reflecting the two pools of channels with
different time constants. Chiu (1977) found biexponential kinetics for the decay of h
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FIGURE 2 Effects of nonhomogeneity of surface charge, due to the time scale of surface charge
fluctuations being much slower than the gating time constant, on the apparent h,,, curve in
squid giant axon. Computed from Eq. 3 using the Hodgkin-Huxley equations for h. to describe
XI X, and the same curve shifted 30 mV positive on the voltage axis to describe X2 X .

in the node of Ranvier, and attributed this to a gating mechanism governed by second
order kinetics. However, Chiu's results cannot be simply reinterpreted in terms of
nonhomogeneity of the surface charge distribution, because the initial delay (or sig-
moid onset) that Chiu observed at the start of removal of inactivation is not explained
by our model. During a clamp pulse, ifX is initially zero, we have

X = (1 - f)X1X(l -e(1/1Te ) + fX2x - e1/T)

(again ignoring differences in the instantaneous I-V relationship with different surface
charges). Thus we predict that d2X/dt2 should always be negative, whereas in Fig. 2
of Chiu (1977) d2h/dt2 is positive.

In the past, changes in the shapes of gating variable-voltage curves seen on changing
the surface potential have rarely received comment. If the fluctuations or non-
homogeneity of surface charge discussed here are ignored, the conventional theory
cannot explain anything other than a pure shift of these curves. On that theoretical
basis one might then try to explain the shape changes, in terms of surface charge agents
like Ca2+ and H + changing the structure or energy levels of the gating mechanism, by
penetrating into the membrane. The mechanism discussed above, in which agents like
Ca2+ and H + need only alter the surface potential, provides a much simpler explana-
tion of these phenomena. Furthermore, if the discrete nature of the surface charge
distribution is important, then the phenomena discussed in this paper must have rele-
vance to all experiments in which the surface charge is altered. However the effects of
fluctuations in H + or Ca2+ binding to parts of the gating mechanism exposed to the
solutions outside the membrane (Rojas and Rudy, 1976) are also worth considering.
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